
Intuition

Linear regression is an excellent method for predicting re-
sults, using a hypothesis that is computed from training
data. It can filter noisy measurements as well as interpo-
late or extrapolate unknown datapoints. And best: It’s easy
to implement. This flyer will show you how.

- Use a suitable hypothesis (aka fitting function) with an
initial guess for the parameters.

- Compare results to actual training data using a cost
function. (This is called supervised learning.)

- Try to minimize the cost function iteratively by comput-
ing gradients and updating parameters accordingly.

- Alternatively compute the normal equation (useful for
smaller systems.)

Given the limited space of the flyer, there are several (more
or less fundamental) topics that could not be covered in de-
tail. Aspects that were beyond the scope of the flyer, are

- Correlation, variance, covariance in normal equation
formalism.

- Feature scaling, mean normalization.

- Implementing gradient descend; learning rate.

- Strategies for good initial guesses of parameters.

- Debugging strategies when encountering problems.

Some of these aspects will be subject of the Numerical
Optimization flyer. In addition a lot of literature can be
found on the net that provides a deeper insight, e.g.

- Wikipedia 1

- Machine Learning @ The Standford OpenClassroom 2

- Calculating Regression Examples @ Wolfram Alpha 3

The flyer can be distributed free of charge, as long as it is
not altered in any way. If you have questions or comments
contact the flyered science project.

fsadmin@flyered-science.org

1http://en.wikipedia.org/wiki/Linear_regression
2http://openclassroom.stanford.edu
3http://www.wolframalpha.com/examples/

RegressionAnalysis.html
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Numerical Solution (in Octave)

Using a numerical solver to compute Θ, one has to define
cost function (3) and gradients (5), and pass it along with
an inital guess of parameters to a suitable linear solver.

In Octave the cost function for linear regression (without
renormalization) can be written as follows.

f u n c t i o n [ J , g r ad ] = l i n e a r C F ( t h e t a , X, y )
J = 1 / 2 /m * sum ( ( t h e t a ’*X − y ) * . . .

( t h e t a ’*X − y ) ’ ) ;
g r ad = 1 /m*( t h e t a ’*X − y )*X’ ;

endfunc t ion

Here theta is a (n+ 1)-dimensional column vector, X is a
(n+1)×m matrix and y is a m-dimensional row vector.

The logistic regression cost function (without renormaliza-
tion) can be written accordingly, using the logistic function.

f u n c t i o n r e s = lFun ( z )
r e s = 1 . / (1 + exp(−z ) ) ;

endfunc t ion

f u n c t i o n [ J , g r ad ] = l o g i s t i c C F ( t h e t a , X, y )
J = −1/m * ( l o g ( lFun ( t h e t a ’*X)* y ’ ) + . . .

l o g (1− lFun ( t h e t a ’*X) ) * (1−y ) ’ ) ;
g r ad = 1 /m * ( lFun ( t h e t a ’*X)−y ) * X’ ;

endfunc t ion

The optimal Θ can then be computed using e.g. fminunc.

o p t = o p t i m s e t ( ’ GradObj ’ , ’ on ’ , . . .
’ MaxI t e r ’ , 1 0 0 ) ;

[ t h e t a , c o s t ] = . . .
fminunc (@( t ) ( l i n e a r C F ( t , X, y ) ) , i n i t , o p t ) ;

Here init is an initial guess for Θ, and opt the solver options.
(For more information on commands consult Octave help.)
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Linear Regression
An introduction to representation and algorithm,

with implementation in Octave

The Flyered Science Series provides condensed
factsheets on scientific topics. Persons new to
the subject will find the intuitive introduction
with links to further reading quite useful, while
the experienced user benefits from the struc-
tured representation, formulary and implemen-
tation examples. Fits into every pocket, serves
perfectly as bookmark in your textbooks.

(c) 2014, Leaflet Math.1
www.flyered-science.org

http://en.wikipedia.org/wiki/Linear_regression
http://openclassroom.stanford.edu
http://www.wolframalpha.com/examples/RegressionAnalysis.html
http://www.wolframalpha.com/examples/RegressionAnalysis.html


Theory

Problem

Givenasetofmdatapoints(X(i),y(i)),wherey(i)isthere-
sultoftheithmeasurement(0≤i≤m),dependingonn
variablesX(i)=(x

(i)
1,x

(i)
2,..,x

(i)
n),findalinearfunctionthat

bestfitsthedata.Thefunctioncanthenbeusedtofilter
measurementnoiseortodetermineunknowndatapointsfor
predictingstockprices,weather,etc.

SomeConventions

Thefollowingdefinitionsareusedthroughouttheflyer,that
arecommonwhentalkingaboutlinearregression:

mnumberofdatapoints(X(i),y(i))
nnumberofvariables(X(i)∈ℜn)

(Ifn=1theregressioniscalledunivariate,
otherwisemultivariate.)

Figure1:Exampleofaunivariatelinearregressionfunction
fittingthe(red)datapoints(X(i)=(x

(i)
1))

.

Resultsy(i)canbewrittenasanm-dimensionalvectory,while
variablesx

(i)
jarewellrepresentedasann×mdimensionalmatrix

X.Aswewillsee,thisisoftenusefultosimplifycomputation,
e.g.whenworkingwithOctave.

Representation

Wewillnowintroducethefollowingdefinitions:

hΘ(X)hypothesis,i.e.fittingfunction
Θfittingparameters(Θ∈ℜn+1)

Ideallythehypothesisshouldmatchtheresultsofthedata-
points,i.e.

hΘ(X)=Θ0+Θ1X1+...+ΘnXn

=ΘTX≡y
(1)

HereΘTisthetransposedofΘ.Wealsointroducedan
extradimensionforXtotakeintoaccounttheoffsetΘ0.X
becomesan(n+1)×mmatrix.

X=




11...1
x
(1)
1x

(2)
1...x

(m)
1

............

x
(1)
nx

(2)
n...x

(m)
n


(2)

PolynomialRegression

Thetermlinearregressionreferstothelinearsystemof
equationsin(1).Itdoesnotmeanthatonecannotfitapoly-
nomtodatapointswithlinearregression.

Consideringaunivariatelinearregressionproblemwith
variablesX=(1,x

(i)
1)onecanthenconstructanewvari-

ablesmatrixXnewtakingintoaccounthigherordersofx1,
e.g.Xnew=(1,x

(i)
1,x

(i)
2=(x

(i)
1)2,x(i)

3=(x
(i)
1)3),againap-

plyingthehypothesisofequation(1).

Youcanalsousefunctionsotherthanpolynoms,likesin,cos,exp
andsoon,makingthelinearregressionfittingveryflexible.

Binaryandcontinousresults

Sofarwethoughtoftheresultvectorytoholdcontinous
numbers(real,complex).Thesamerepresentationcanalso
beusedforbinaryresults(i.e.0or1,YesorNo...).Wethen
speakoflogisticregressionratherthanlinearregression.
Therearesomedifferencesregardinghowtosolvelogistic
regressionproblems,thatwillbecoveredinthefollowing.

Costfunction

ThecostfunctionJ(Θ)calculatesthedifferencebetween
hypothesisandactualresult.Oftenthisisimplementedasa
leastsquaresapproach,summingthesquaresofdifferences.

J(Θ)=
1

2m

m

∑
i
(hΘ(X

(i))−y
(i))2

=
1

2m
(ΘTX−y)(ΘTX−y)T

(3)

Thelastlineofequation(3)referstolinearregressionprob-
lems.Forlogisticregressionwechooseaslightlydifferent
representation,usingthelogistic(orsigmoid)function.

hΘ(X(i))=
1

1+exp(−ΘTX(i))(4)

Thelogisticfunctionis1forlargepositivvaluesoftheex-
ponent,while0forlargenegativevalues.Thesearethetwo
possibleresultsweexpectforlogisticregressionproblems.
TheparametersΘarechosenaccordingly.

NormalEquation

WhensolvingfortheoptimalsetofparametersΘoneis
lookingfortheminimumofthecostfunction.Thisimplies
thepartialderivatestovanish:

∂J(Θ)

∂Θj
=0(5)

Thisconditionismetbythenormalequation,where

Θ=(XTX)−1XTy(6)

CalculatingtheinverseofXTXiscomputationallycostly,
sothisapproachisusefulmainlyforsmallsystems.

Regularization

SometimeshΘfitsthetrainingdatawell,butisnotsmooth
enoughbetweendatapoints.Toavoidthisapenaltytermis
introduced.

J(Θ)−→J(Θ)+λ

n

∑
j

Θ2(7)

Withthis,smallvaluesoftheparametersΘarefavoured,
causingasmootherapproximationandlessoverfitting.
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